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ABSTRACT
The r e s p o n s e  o f  a  p h a s e  l o c k  lo o p  t o  FM s i g n a l s  when t h e  c e n t r e  
f r e q u e n c i e s  o f  incom ing  s i g n a l  and v o l t a g e  c o n t r o l l e d  o s c i l l a t o r  a r e  t h e  
sam e, i s  d e s c r i b e d  by  a  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n  o f  t h e  form
$" + A + B S in  $ = C Cos (w t  + ifr)m
assum ing  t h a t  t h e  lo o p  f i l t e r  i s  a  s im p le  R-C low p a s s  f i l t e r .  The 
r e s t o r i n g  t e r m  i n  t h e  e q u a t i o n  i s  n o n l i n e a r .  T h i s  e q u a t i o n  i s  . r e d u c e d  t o
B u f f i n g ' s  e q u a t i o n  by u s in g  t h e  a p p ro x im a t io n  S in  $ = <*>- —g— f o r  t h e
n o n l i n e a r  t e r m .  T h is  a p p r o x im a t io n  h o l d s  good f o r  p h a s e  e r r o r  l e s s  t h a n  
tt / 2  r a d .
The e q u a t i o n  i s  s o lv e d  f o r  fu n d a m e n ta l  and  t h i r d  s u p e rh a rm o n ic  
component u s i n g  d e s c r i b i n g  f u n c t i o n  t e c h n i q u e s .  F u r t h e r ,  t h e  e q u a t i o n  i s  
i n v e s t i g a t e d  f o r  t h i r d  su b h a rm o n iq .  A s o l u t i o n  i s  assum ed c o n s i s t i n g  o f  
d r i v i n g  f r e q u e n c y  component and  t h i r d  sub h a rm o n ic  com ponent. A s t a b i l i t y  
r e g i o n  i s  d e f i n e d  f o r  t h e  t h i r d  subha rm on ic  t o  e x i s t .
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CHAPTER I
INTRODUCTION
The b e h a v io u r  o f  a  p h a s e  l o c k  l o o p  t o  f r e q u e n c y  m o d u la te d  s i g n a l s  i s  
d e s c r i b e d  by  a  d i f f e r e n t i a l  e q u a t i o n  o f  se co n d  o r d e r  i n  w h ich  t h e  r e s t o r i n g  
t e r m  i s  n o n l i n e a r  and t h e  f o r c i n g  f u n c t i o n  i s  s i n u s o i d a l .  T h i s  t y p e  o f  
e q u a t i o n  i s  q u i t e  common i n  p h y s i c a l  sy s te m s  w here a  m ass i s  s u b j e c t e d  t o  
an e l a s t i c  r e s t o r i n g  f o r c e .  I t  i s  a l s o  t h e  e q u a t i o n  o f  a  pendu lum  when 
an e x t e r n a l  p e r i o d i c  f o r c e  i s  a p p l i e d  and t h e  a m p l i tu d e  o f  o s c i l l a t i o n s  
i s  n o t  r e s t r i c t e d  t o  b e in g  s m a l l .
Q u i t e  a  few s o l u t i o n s  e x i s t  f o r  t h i s  t y p e  o f  e q u a t i o n ,  p e r i o d i c  
s o l u t i o n s  w i t h  t h e  same f r e q u e n c y  a s  t h a t  o f  t h e  im p r e s s e d  f o r c e  and 
p e r i o d i c  s o l u t i o n s  a t  sub h a rm o n ic  and  su p e rh a rm o n ic  f r e q u e n c i e s .  S o l u t i o n s  
depend  upon t h e  p a r a m e t e r s  o f  s y s te m ,  n a t u r e  and  amount o f  n o n l i n e a r i t y  
a s  w e l l  a s  on t h e  i n i t i a l  c o n d i t i o n s .
The n o n l i n e a r i t y  i n  t h e  p h a s e  l o c k  lo o p  i s  i n t r o d u c e d  by  t h e  p h a s e  
d e t e c t o r  s t a g e  w here  t h e  two s i g n a l s  g e t  m u l t i p l i e d .  Jump phenomena and 
h y s t e r y s i s  e x i s t  i n  n o n l i n e a r  s y s te m s .  I n  l i n e a r  sy s te m s  t h e  r e s p o n s e  
c u r v e s  a r e  c e n t r e d  a ro u n d  t h e  r e s o n a n t  f r e q u e n c y  s y m m e t r i c a l l y  w h e re a s  
i n  n o n l i n e a r  sy s te m s  t h e  r e s p o n s e  c u rv e s  bend  b a c k  on t h e m s e lv e s  i n  a  d i r e c t i o n  
d e p e n d in g  upon t h e  t y p e  o f  n o n l i n e a r i t y  o f  r e s t o r i n g  t e r m .  I n  t h e  e q u a t i o n  
t h e  n o n l i n e a r i t y  i s  o f  " s o f t  s p r i n g "  t y p e  i n  w hich  r e s t o r i n g  f o r c e  d e c r e a s e s  
a s  t h e  d i s p l a c e m e n t  i n c r e a s e s .  The r e s p o n s e  c u rv e s  s h i f t  t o w a rd s  t h e  lo w e r  
s i d e  o f  t h e  r e s o n a n t  f r e q u e n c y  f o r  t h i s  t y p e  o f  n o n l i n e a r i t y ,  w h e re a s  t h e  
r e s p o n s e  c u rv e s  bend  b a c k  on th e m s e lv e s  to w a rd s  t h e  h i g h e r  s i d e  o f  t h e  
l i n e a r  r e s o n a n t  f r e q u e n c y  f o r  t h e  " h a r d  s p r i n g "  t y p e  n o n l i n e a r i t y .
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The o r i g i n a l  e q u a t i o n  o f  t h e  sy s te m  i s  r e d u c e d  t o  D u f f i n g ' s  e q u a t i o n
D 3by  em p loy ing  t h e  a p p r o x im a t io n  S in  <I>~ $ -  —g- v h i c h  l i m i t s  t h e  p h a s e  
e r r o r  t o  r e m a in  l e s s  t h a n  ir/ 2  r a d i a n s  a s  a t  tt/ 2  r a d i a n s  t h e  e r r o r  i s  8%.
The e q u a t i o n  i s  s o lv e d  h e r e  f o r  fu n d a m e n ta l  component a n d  t h i r d  s u p e rh a r m o n ic s  
by  u s i n g  t h e  d e s c r i b i n g  f u n c t i o n  t e c h n i q u e  a s  d e s c r i b e d  by  A u s t in  B l a q u i e r e .
F o r  ~  s u b h a rm o n ic s ,  t h e  s o l u t i o n  i s  assum ed and  t h e  c o n d i t i o n s  a r e  
fo u n d  o u t  f o r  i t s  e x i s t e n c e  by  f i n d i n g  t h e  s t a b i l i t y  r e g i o n .
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3CHAPTER XI
PHASE LOCK LOOP
2 .1  G e n e ra l  D e s c r i p t i o n  o f  P h ase  Lock Loop.
A P h ase  Lock Loop i s  f u n d a m e n ta l ly  a  f e e d b a c k  s y s te m  and  c o n s i s t s  o f  a  
p h a s e  d e t e c t o r ,  f i l t e r  and t h e  v o l t a g e  c o n t r o l l e d  o s c i l l a t o r  (V .C .O .)  as  







FIG. 1 BLOCK DIAGRAM OF PHASE LOCK LOOP
i n  p h a s e .  The p h a s e  d e t e c t o r  p r o d u c e s  a s i g n a l  p r o p o r t i o n a l  t o  t h e  
i n s t a n t a n e o u s  p h a s e  d i f f e r e n c e  be tw een  t h e  r e f e r e n c e  and V.C.O. s i g n a l s .
T h i s  i s  done by m u l t i p l y i n g  t h e  r e f e r e n c e  s i g n a l  and V.C.O. o u t p u t s  g i v i n g  the 
sum and d i f f e r e n c e  o f  two p h a s e s .  The p h a s e  d e t e c t o r  i s  fo l lo w e d  by a 
f i l t e r  w hich e l i m i n a t e s  t h e  h i g h e r  f r e q u e n c y  com ponen ts .  The o u t p u t  o f  t h e  
f i l t e r ,  t h e  e r r o r  s i g n a l ,  w hich  i s  t h e  v o l t a g e  p r o p o r t i o n a l  t o  p h a s e  
d i f f e r e n c e  i s  a p p l i e d  t o  V.C.O.
The V.C.O. i s  a  v o l t a g e  tu n e d  o s c i l l a t o r  w hich  a d j u s t s  i t s  f r e q u e n c y  
a c c o r d in g  t o  e r r o r  s i g n a l  v o l t a g e .  T h e re  a r e  many v a r i t i e s  o f  V.C.O. i . e .  
r e a c t a n c e  t u b e ,  k l y s t r o n ,  v o l t a g e  c o n t r o l l e d  m u l t i v i b r a t o r .  The e s s e n t i a l
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c h a r a c t e r i s t i c  r e q u i r e d  o f  V .C .O. i s  t h a t  i t s  d i s p l a c e m e n t  from  c e n t r e  
f r e q u e n c y  he l i n e a r l y  p r o p o r t i o n a l  t o  i n p u t  v o l t a g e  o v e r  t h e  w o rk in g  
f r e q u e n c y  r a n g e .
The p h a s e  d e t e c t o r  i s  b a s i c a l l y  a  m u l t i p l i e r  and i n  c o n j u n c t i o n  w i t h  
t h e  lo o p  f i l t e r  m e a su re s  t h e  p h a s e  d i f f e r e n c e  be tw e en  t h e  r e f e r e n c e  s i g n a l  
and  t h e  V .C .O. s i g n a l .  The o u t p u t  o f  t h e  p h a s e  d e t e c t o r  i s  p r o p o r t i o n a l  t o  
a  s i n e  f u n c t i o n  o f  t h e  p h a s e  d i f f e r e n c e  b e tw e e n  i n p u t  and  o u t p u t .  I t  t h u s  
i n t r o d u c e s  t h e  i n h e r e n t  n o n l i n e a r i t y  i n  t h e  s y s te m . A p h a s e  l o c k  sy s te m  
can  be  l i n e a r i z e d  by  assum ing  t h a t  S in  0 ~  <J> w hich  h o l d s  good f o r  s m a l l  
v a lu e s  o f  $. F o r  p h a s e  e r r o r  o f  30° t h e  e r r o r  i s  5%. k o n l i n e a r i t y  s h o u ld  
be  t a k e n  i n t o  c o n s i d e r a t i o n  f o r  e x p l a n a t i o n  o f  lo o p  b e h a v io u r  o v e r  a  l a r g e  
r a n g e  o f  p h a s e  e r r o r .  The r e q u i r e d  c h a r a c t e r i s t i c  o f  t h e  p h a s e  d e t e c t o r  
i s  t h a t  i t  s h o u ld  n o t  s a t u r a t e  o v e r  t h e  a m p l i tu d e  and  f r e q u e n c y  r a n g e  o f  
i n t e r e s t .
The lo o p  f i l t e r  i s  u s e d  t o  f i l t e r  o u t  t h e  unw an ted  h a rm o n ic  o u t p u t  
o f  t h e  p h a s e  d e t e c t o r .  A p a r t  from  f i l t e r i n g ,  i t  s h a p e s  t h e  a m p l i t u d e  and  
p h a s e  r e s p o n s e  o f  t h e  e r r o r  s i g n a l ,  i t  d e te r m in e s  t h e  o r d e r  o f  l o o p  and  
t h u s  t h e  c h a r a c t e r i s t i c s  o f  t h e  l o o p .  A lo o p  f i l t e r  may b e  o b t a i n e d  by  
u s i n g  p a s s i v e  com ponen ts .  An a c t i v e  d e v ic e  can  a l s o  b e  u s e d  t o  p r o v id e  
e x t r a  l o o p  g a i n .
When t h e  r e f e r e n c e  s i g n a l  and V.C.O. s i g n a l  a r e  s y n c h r o n i s e d  i n  
f r e q u e n c y  and  t h e  p h a s e  e r r o r  i s  n / 2  r a d . , t h e  two s i g n a l s  a r e  s a i d  t o  be  
p h a s e  c o h e r e n t .  When t h e  r e f e r e n c e  f r e q u e n c y  s h i f t s  from  t h e  c e n t r e  
f r e q u e n c y ,  t h e  p h a s e  e r r o r  a l s o  c h a n g es  a ro u n d  t t /2  r a d .  p r o v id e d  t h e  lo o p  
r e m a in s  i n  l o c k .  The r a n g e  o f  p h a s e  v a r i a t i o n  can  be  d e c r e a s e d  by  i n c r e a s i n g  
t h e  lo o p  g a i n .  But lo o p  g a in  c a n n o t  be  i n c r e a s e d  g r e a t l y  a s  i t  t e n d s  t o  
make t h e  sy s te m  u n s t a b l e .
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F o r  t r a c k i n g  FM s i g n a l s  m o d u la te d  "by a  s i n u s o i d  t h e  s i g n a l  f r e q u e n c y  
v a r i e s  a ro u n d  t h e  c a r r i e r  a t  a  r a t e  g i v e n  by  t h e  m o d u la t in g  f r e q u e n c y  
and t h e  maximum f r e q u e n c y  change  from  t h e  c a r r i e r  i s  g iv e n  by  t h e
[2]d e v i a t i o n .  The c o n d i t i o n  f o r  t h e  sy s te m  t o  re m a in  i n  l o c k  i s  g i v e n  by
v^a2 + w2 m
v h e r e  A i s  f r e q u e n c y  d e v i a t i o n  w
K i s  lo o p  g a in
a) i s  f r e q u e n c y  o f  m o d u la t in g  s i g n a l  
a i s  c u t  o f f  f r e q u e n c y  o f  low p a s s  f i l t e r .
The e r r o r  s i g n a l  w i l l  b e  a  c o m b in a t io n  o f  m o d u la t io n  f r e q u e n c y  and  t h e  
h i g h e r  h a rm o n ic s .  I f  t h e  sy s te m  i s  d e tu n e d  t h e  d . c .  s i g n a l  w i l l  a l s o  b e  
p r e s e n t .
The u t i l i t y  o f  t h e  p h a s e  l o c k  lo o p  l i e s  i n  i t s  tw o r e m a rk a b le  
p r o p e r t i e s  i . e .  t r a c k i n g  o f  s i g n a l  and n a r ro w  b a n d w id th .  As t h e  l o o p  i s  
c a p a b le  o f  f o l l o w i n g  c h a n g es  i n  p h a s e ,  i t  may have  a  v e r y  n a r ro w  b a n d w id th  
a s  com pared  t o  s i g n a l  f r e q u e n c y ,  t h u s  a c t i n g  a s  an e f f e c t i v e  f i l t e r  o f  
h ig h  Q. Due t o  t h e s e  p r o p e r t i e s  t h e  p h a s e  l o c k  lo o p  b e h a v e s  a s  an 
a u t o m a t i c a l l y  a d j u s t a b l e  tu n e d  f i l t e r  o f  v e r y  n a r ro w  b a n d w id th  w h ich  c a n  
be  a s  low a s  a  f r a c t i o n  o f  a  c y c l e  p e r  s e c o n d .  W ideband s i g n a l s  w i t h  low  
s i g n a l  t o  n o i s e  r a t i o  may b e  a p p l i e d  t o  a  P h ase  Lock Loop f o r  p u r i f i c a t i o n .
I t  f i l t e r s  t h e  n o i s e  b e c a u s e  o f  i t s  n a r ro w  b a n d w id th  and  t h e r e  i s  c o n s i d e r a b l e  
im provem ent o f  s i g n a l  t o  n o i s e  r a t i o  a t  t h e  o u t p u t .  Thus i t  i s  v e r y  u s e f u l  
f o r  t r a c k i n g  weak s i g n a l s  i n  a  n o i s y  e n v i ro n m e n t .
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2 .2  D e r i v a t i o n  o f  Loop E q u a t io n  f o r  FM S i g n a l
L e t  t h e  incom ing  s i g n a l  t o  t h e  p h a s e  l o c k  lo o p  h e  d e n o te d  hy  E^ S in  4>.
and t h e  V .C.O. o u t p u t  hy  E2 Cos 4>p. When t h e  sy s te m  i s  p e r f e c t l y
s y n c h r o n i s e d ,  t h e  p h a s e  d i f f e r e n c e  b e tw e en  t h e  incom ing  s i g n a l  and  V.C .O. 
o u t p u t  i s  tt/ 2 r a d i a n s  due t o  an i n h e r e n t  p r o p e r t y  o f  t h e  p h a s e  d e t e c t o r .
F o r  c o n v e n ie n c e  t h e  two s i g n a l s  a r e  t a k e n  a s  s i n e  and c o s in e  f u n c t i o n s  so
t h a t  when t h e  two s i g n a l s  a r e  i n  p e r f e c t  l o c k  $ = 4>^  -  4>2> ‘t i^e e r r o r  
s i g n a l  may he  z e r o .
E, COS 4>;
F (D)K, S in
FIG. 2 FUNCTIONAL DIAGRAM OF PHASE LOCK LOOP
S in c e  t h e  p h a s e  d e t e c t o r  i s  a c t i n g  a s  a  m u l t i p l i e r ,  i t s  o u t p u t
= E^ E^ S in  4>^  Cos 4>2
E1 E2 S in  (4^  -  4>2 ) + S in  (4>  ^ + 4>2 ) ( 2- 1 )
The te rm  S in  (4>  ^ + 4>2 ) can  he  d ro p p ed  a s  t h e  h ig h  f r e q u e n c y  com ponents  a r e  
r e j e c t e d  hy t h e  f i l t e r .  Thus t h e  p h a s e  d e t e c t o r  o u t p u t  
' = Kx S in  (*  -  4>2 )
K S in  4> ( 2- 2 )
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w hich  i s  p r o p o r t i o n a l  t o  a  s i n e  f u n c t i o n  o f  p h a s e  e r r o r ,  
w here  K i s  p h a s e  d e t e c t o r  c o n s t a n t  i n  v o l t s / r a d .
P h a se  change c a u s e d  by  t h e  e r r o r  s i g n a l  i n  t h e  o u t p u t  o f  t h e  V .C .O. 
i s  Kx K2 S in  $
w here  F ( s )  i s  t h e  t r a n s f e r  f u n c t i o n  o f  t h e  f i l t e r
K2—  i s  t h e  t r a n s f e r  f u n c t i o n  o f  t h e  V.C.O.
I f  ojg i s  t h e  c e n t r e  f r e q u e n c y  o f  V .C.O. t h e n  t h e  o u t p u t  o f  t h e  V .C .O . i s
K K F (D)
E2 Cos (u 2f  + — ---------   S in  *) ( 2 - 3 )
The p h a s e  l o c k  lo o p  i s  u s e d  f o r  t r a c k i n g  a  f r e q u e n c y  m o d u la te d  s i g n a l .  
Thus t h e  incom ing  s i g n a l  i s  o f  t h e  fo rm
E, S in  ( to_t + —  S in  to t )  (2-U )
1  1  to mm
w here  to  ^ i s  t h e  c a r r i e r  f r e q u e n c y
to i s  f r e q u e n c y  o f  m o d u la t in g  s i g n a l  
Ato i s  f r e q u e n c y  d e v i a t i o n .
S u b s t i t u t i n g  t h e  v a l u e s  o f  i n p u t  and o u t p u t  s i g n a l  p h a s e s  i n  t h e  
e r r o r  s i g n a l
K S in  $ = K S in  '(0 -  4 )
K. S m  [ o u t  + —  S in  to t  
1  1  to mm
K-. K F ( s )
oigt -   --------    S in  S>J ( 2 - 5 )
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Comparing the angle on "both sides
a • Ki Ko
<f = (on -  to0 ) t  + “  S in  to t  -  ———  1 2 to m Dm
F (D) S in  $ (2-6)
A low p a s s  f i l t e r  i s  u s e d  i n  t h e  sy s te m  whose t r a n s f e r  f u n c t i o n
F (D) = p+ot ( 2 - 7 )
S u b s t i t u t i n g  t h e  e x p r e s s i o n  f o r  F (**) i n  e q .  ( 2 - 6 )
A K1 K„ a
$ = (to -  to0 ) t  + ~  S in  to t  / - --■ -r S in  <f>1 2  to m (,0+a;m
( 2- 8 )
On d i f f e r e n t i a t i n g  e q .  2 -8  t w i c e  we g e t
+ a  + Kd S in  $ = a (an  -  am) + A w a  Cos to t
1 2  m
-  Ato*to S in  to t  m m ( 2 - 9 )
The a c t u a l  sy s te m  u s e d  i s  d i f f e r e n t  f rom  t h a t  o f  F i g .  1 and  i s  shown 









FIG. 3 ACTUAL'PHASE LOCK LOOP 
An I . F ,  a m p l i f i e r  i s  u s e d  t o  i n c r e a s e  and c o n t r o l  t h e  l o o p  g a i n .  I t  
p r o v i d e s  e f f e c t i v e  a m p l i f i c a t i o n  a t  t h e  i n t e r m e d i a t e  f r e q u e n c y .  The same
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t h i n g  c o u ld  be  done i n  F i g .  1 by u s i n g  a  d . c .  a m p l i f i e r  by  a m p l i f y i n g  t h e  
f i l t e r e d  e r r o r  s i g n a l .  But t h a t  i s  somewhat i n c o n v e n i e n t  t o  m a t e r i a l i z e .
I t  i s  s im p l e r  t o  m ec h a n iz e  I . F ,  a m p l i f i e r .  I t  n e c e s s i t a t e s  t h e  u s e  o f  
two m u l t i p l i e r s  i n s t e a d  o f  one and an  o s c i l l a t o r  a t  i n t e r m e d i a t e  f r e q u e n c y .
E q u a t io n  ( 2 - 9 ) - i s  r e d u c e d  t o  D u f f i n g ' s  e q u a t i o n  by  a p p r o x im a t in g  
t h e  v a lu e  o f  S in  $ -  $ 3/ ^ w h ich  l i m i t s  t h e  p h a s e  e r r o r  t o  r e m a in  l e s s  t h a n  
n / 2  r a d .  Eq. ( 2 - 9 )  becomes
I f  t h e  c a r r i e r  f r e q u e n c y  o f  t h e  incom ing  s i g n a l  and  t h e  c e n t r e  
f r e q u e n c y  o f  t h e  V .C .O . a r e  t h e  same t o  s t a r t  w i t h  e q .  ( 2 -1 0  becomes
= a(tu. -  urn) + Aw • a  Cos w t  -  Aw • w S in  to t  1 2  m m m (2- 1 0 )
•  KCt o
+ a$  + Kd§ -  -7— r  = Aw a Cos w t  -  Aw • w S in  w t  o m m m (2- 11)
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CHAPTER I I I
SOLUTION FOR FUNDAMENTAL AND THIRD SUPERIIARMONICS
-  + a  ~  + Kd<5> -  <*>3 = Aw • a  Cos to t  ~ Aw • w S in  w t  ( 3 - l )
,,_2 d t  6 m m md t^
The e q u a t i o n  ( 3 —1) a l r e a d y  d e r i v e d  i n  t h e  Second C h a p te r  r e p r e s e n t s  
t h e  p h a s e  l o c k  sy s te m  w i t h  FM s i g n a l  a s  t h e  i n p u t  w i t h  t h e  r e s t r a i n t s  t h a t  
t h e  p h a s e  e r r o r  i s  a lw ay s  l e s s  t h a n  ir/2  r a d ,  , t h e  c a r r i e r  f r e q u e n c y  o f  FM 
s i g n a l  and t h e  c e n t r e  f r e q u e n c y  o f  t h e  V .C .O . a r e  t h e  same. I t  r e l a t e s  
p h a s e  e r r o r  w i t h  t h e  p a r a m e t e r s  o f  t h e  s y s te m ,  m o d u la t in g  f r e q u e n c y  and 
t h e  d e v i a t i o n  o f  incom ing  FM s i g n a l ,
The e q u a t i o n  i s  n o n l i n e a r  b e c a u s e  o f  t h e  c u b ic  t e r m  i n  <t>, F o r c in g  
f u n c t i o n  i s  t h e  sum o f  two s i n u s o i d s .  I t  can  b e  r e p r e s e n t e d  w i t h  m a g n i tu d e
9 o~~ *-1+ w^ and p h a se  a n g le  t a n  —  . I n  t h e  p r e s e n t  c h a p t e r  e q u a t i o n
{3—1) w i l l  be  s o lv e d  f o r  f u n d a m e n ta l  and  t h i r d  s u p e rh a rm o n ic  u s i n g  
D e s c r i b i n g  F u n c t io n  t e c h n i q u e s ^  .
Assuming s o l u t i o n  w i t h  fu n d a m e n ta l  and  t h i r d  h a rm o n ic  component
$ = a^ Cos (to t  — ) m 1 + a 3 Cos (3 w i  m : - * 3 ) ( 3- 2 )
•<j> = _ a ,  w 1 m S in  (w t  m -  v -  3 a 3 wm S in  (3w t  • m - . 3 ) ( 3 - 3 )
= _ 2a ,  u 1 m Cos (to t  m -  v -  9 a 3 w2m Cos (3w t  - m - ♦ 3 ) (3-U )
= - a 1 w2 Cos (w t  -  \p ) ' -  9 w2 a„  Cos (3w t  -  i{>,) 
1 m m 1 m 5 m 3
-  a a ,  w S in  (to t  -  '\p. ) -  3 a_,w a S in  (3w t  -1 m m 1 3 m m 3
10
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+ Kq/3 Co s (uj t  - Y ) +  K^a Cos(3m t  - Y ) 
1 in 1 3 m 3
R r y  o
—  [ a  Cos (to t  - Y ) +  a C o s ( ^  t  - Y ) ]  ( 3 - 5 )o 1 m 1 3 m 3
E x pand ing  t h e  l a s t  te rm  o f  e q u a t i o n  (3 -5 )
[ a  Cos(tD t  - Y ) +  a Cos(3u) t  - Y ) ] 3 
1 m 1 3 m 3
3 3 a t
= I  a L C o s C ^ t  " V  + 4 C° s ( 3 “ mt  '  3V
3
3 3 a 3+ ^ a 3 Cos(3o)mt  - Y3) +  C os( 9 ^  - 3Y3>
+  I  a i 2 a 3 C° S (5 ”mt  - V  +  4 " I '  a 3 C° S<V  ‘ 2h  ‘ V
+  f  a x2 a 3 Cos (to +  2 ^  -  *  ) + \  a  ^  c o s C ^ t  - t p
+  \  a 3 2 C o s(7 „ mt  - - 2T3) +  \  a 3 . /  C o s ^ t  +  ^  - 2 ^ )
T a k in g  te rm s  u p to  t h i r d  h a rm o n ic  o n ly ,  we have
( 4 a l 3 +  2 a l  a 32) Cos ^ mt  " V  + 4 a \  a 3 + 2YX '  Y3>
3
+ ( 7  a 0 2 + t a 2 a ) Cos(3cn t  - Y ) +  - J -  Cos(3«) t  - 3Y ) ( 3 - 6)4 3 2 1 3  m 3  4 m 1
W r i t in g  eq .  ( 3 - 5 )  i n  e x p o n e n t i a l  form
a * a Key 3  2  2
y ( t )  = $ +  +  - f -  [ J  a ^  +  2a 3 ) e 1
3 2 - j (Y  - 2Y ) ^
4 a l a 3 e I J e
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W r i t in g  e q u a t i o n  (3 -2 )  i n  e x p o n e n t i a l  form
A "jY juj t  -jY 3u) t
f i t !  = e e +  e e
A a A
-  § L( t )  + $ 3 ( t )
A 11- ' - 1 mThus ( t )  = a e e
A -jY  j3aj t
i  3 m§ 3 ( t )  = a 3 e e
From e q u a t i o n s  ( 3 - 7 )  and  ( 3 -8 )
f t ,  .  f t "  a *  *  ¥ a  ^ 3  2 2  " 3 ^ iy ( t )  = i 1 +  a § 1 +  ^  [ |  +  2a 3 ) e 1
3 2 - j (Y  - 2Y ) ju, t. A. „ z 3 1 m+ 4  a l  a 3 e ] e
ft-* a - ft Kr 3 2 2 "3^-*
+ $ 3 + a ^ 3 + Kq/$3 '  6 C4 a 3 ( a 3 +  2ai  ) e
a , 3 -j3Y j3o) t1 —J- _ l-i in
+ 4 e ] e
From e q u a t i o n s  ( 3 - 9 )  and (3 -1 0 )
a a" ft * Kv 3 2 2
y ( t )  ^  [ 4  <a l  +  2 a 3 )
3 3 (Y -  3Y ) A
+ 4 a i  a 3 e ] $1
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+ I  +  ^  [ 7  ( a  2 + 2a 2)
3 3 6 4 3 1
- 3 ( 3 ^  - v  „
+ 4a3 ® -1 *3  (3-11)
D e f in in g
A A A , v ay ( t )  = y i ( t )  + y 3( t )  (3 -12)
Com paring ( 3 -1 1 )  and  (3 -1 2 )
A A” A' Rv 3 2 2
y L( t )  = +  “ . [ 6  - |  ( a xZ + 2a3 )
3 - j ( Y 3 " 3V] I
- 4  a L a 3 e J 1 ( 3 -1 3 )
y3 ( t )  = $ 3 +  orl3 + ^  [ 6  - |  ( a 3 2 +  2a L2)
i i !  _ j ( 3 " i  ■ v .  &
4 a 3 6  ^ 3 (3 -1 4 )
R e p r e s e n t in g  b y ^ d e s c r ib i n g  f u n c t i o n ,
V% ’ V  a 3 )
U). 2 . S t '  r fi - h .  2 a. 2 , .  3 am , _ a e 4 1 3
- J C L  - 3Y )
] + jo ,o)m (3 -1 5 )m
H (3j) , a , a ) 3 m 1 3
a 3 - j ( 3 Y ,  - Y )
■ '  ( ^ 2 + S 6 t 6 - t ( a 32 +  2 . 1 2) - 1 3 ] +  ( 3 -1 6 )
R e w r i t i n g  t h e  f o r c i n g  f u n c t i o n  Am ' ot Cos u) t  - Am a) S in  m tm m m
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a s
" U). f l  2 -1
%) a/o' + ujm Cos(ujmt  +  t a n  a )
(^1) J a 2 +  a) 2 Cos(o) fc +  ^  ) v m m o
I n  e x p o n e n t i a l  form  i t  becomes
J a
o  ~  j  ((JJ +  Y )
A<ju y  +  a)m e m °
r r — 2 J<-mt  + V
^  VQ' +  uJm e





CJUm j(Y o + ^ )
a l
V ^ V  V  V  = °
E q u a t in g  (3 -1 5 )  and  ( 3 - 1 7 ) ,  ( 3 -1 6 )  and (3 -1 8 )
- i(Y - 3Y )
2 , Key r , 3 , 2 2 3 2 JV I3 1%
%  a l  +  ~6 ^ 6 a !  - 4  U 1 +  3 ) a l  " 4 3 1 a 3 6 3
n — 2 j ( Y i + V
+ J ^  Na  + e
„ 2 Kz . .  3 . 2 2  a l  " J O * !  " Y j)
% .  a3 ~ 6 C6a3 '  4 (a 3 +  2 a l  )a 3 '  ~  6 ]
+ j3oj a  a  -  0
m 3
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
( 3 -1 7 )
(3 -1 8 )
(3 -1 9 )
(3 -2 0 )
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R e w r i t i n g  e q u a t i o n s  ( 3 -1 9 )  and (3 -2 0 )
2 Ky 2 2 Key 2 )
CK“  - %  ) S 1 '  ^  Cai  +  2 a 3 >a l  - ^  “ l  “ 3 6
/■-------------  j (Y  + Y )
+  j  au)m = Ai) y a 2 + u)m2 e * °  (3 -2 1 )
,  2  I t o ,  2 2 Yja_ 3 “ J C3^1 -  Y3 )
‘ ) a 3 - 8 ( a 3 + 2ax ) a 3 '  2 \  e
+ J3u)np a 3 = 0 (3 -2 2 )
2 2 
N e g l e c t i n g  a 3 a s  com pared t o  a^  ^ i n  e q u a t i o n s  ( 3 -2 1 )  and  (3 -2 2 )
- i ( Y  - 3Y )
t v  2  ^ R* 3 Rx „ 2 3 1(Kor u)m )aj_ - - g  a x - - g  ^  e
/ I . --------- 2 j< Yl  + V
+  j  au) a i “  Ajd J a  + u) e m l  m
f3 -2 3 )
fK a  2 t o  2 m 3  " j (3Yi  " V
(Kor -  t o  ) a 3 -  4  a 1 a 3 -  ~  3]_ e
+  j  3u)mcra3 = 0 (3 -2 4 )
Com paring r e a l  and im a g in a ry  p a r t s  o f  e q u a t i o n s  (3 -2 3 )  and  ( 3 -2 4 )
- % 2) 3 i  - ^  a 3 3 - SJ- a]_2 ^  C os(^  .  3, ^
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= Aw J a + u *  Cos(Y1 +  Yq) ( 3 -2 5 )
Kff a  2 a S in(Y - 3Y ) + orcu a 1 3  3 1 in 1
= Aw Jot + u)m2 SinCYj^ +  ^ Q) ( 3 -2 6 )
(Ka - 9w 2) a  “ ^  a 2 - ~  a  3 C osO Y . - Y ) = 0 ( 3 -2 7 )
m 3 4 1 3 24- 1 1 3
Kck 3
~  a^ S in (3 Y 1 - Y ^  + 3 ^ ^  = 0 (3 -2 8 )
P u t t i n g  Y^ = 0 a s  r e f e r e n c e  p h a s e  i n  e q u a t i o n s  (3 -2 5 )  t o  (3 -2 8 )
2k ¥a 3 n  2
(Ka - u>m ^  - g a 1 - Aw J q, +  wm Cos Yq
= f -  * *  a 3 Cos(Y^ - 3Yl ) (3 -2 9 )
] 2  2 Key 2
- a  c d ^  + Aw J a  + wm S in  Yq = “ g a i  a 3 Sin(Y3 - 3 Y p  ( 3 - 3 0 )
« ,  - V > 3 - ™  \  a 3 *  f |  C o s ( 3 I l  - y  (3 -3 1 )
" 3wma a 3 = ~  a x 3 s in ( 3 Y x - Y3 ) ( 3 -3 2 )
E q u a t in g  t h e  v a lu e  o f  S in (Y 3 - 3Y^) from  e q u a t i o n s  (3 -3 0 )  and ( 3 -3 2 )
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- a  + b*> J * 2 + w j  S in  Yq
t o  „  2  o
o  i  a ,  3 ujo 1 3 m
/  t o  : 
a>a /  “T  a , i 3 /  24 1
o r
2 P T  2
- a  u) a , +  a ,  Ad Vo; + u)_ S in  Y = 9u)ora m i l  m o m
2
^” 3
From e q u a t i o n s  (3 -2 9 )  and  (3 -3 1 )
2^ to  3 s /  2 2
( fo  - %  ) a L - —  Sj - A» 7 c  + <«m C°s To
t o  2 _ , _ 2 . t o  2
~B a 1 a 7 (Kg '  X ,  >a 3 ~ 4 “ l
t o  3 
24 a i
R e w r i t i n g  t h e  above  e q u a t i o n ,
to  4 2 2 A fY~, 2
8 a x + ( t o  - 0Jm ) a x " Acu ^  ^  Cos Yq a x
2 2 3 2 2
= 3 ( t o  - ) S  - 7  t o  a < a ,m 3  4 1 3
2S u b s t i t u t i n g  t h e  v a lu e  o f  a^  from  e q u a t i o n  (3 -3 3 )  i n  e q u a t i o n  
(3 -3 4 )  and d i v i d i n g  by a ^ ,
3 15 T 2 3 . /  2 2 2
*1 8 “ m + 4 t o  Auj 7 a  + uim a x S in  Y(
2 3 [ 2  2
+ a^ (12 K 0 ) ^  - 3 to  o)m ) " A«> 4 a  + «um Cos
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(3 -3 3 )
(3 -3 4 )
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2 . A F l  . 2
Jet3(1^ -  9w ) Aw Je t +  u) S i n  Y = 0 ( 3 - 3 5 )m v m o
S u b s t i t u t i n g  t h e  v a l u e s  o f  S i n  Y and Cos Y i n  e q u a t i o n s ( 3 - 3 5 )o o
we have
v  2 3 . 3 „  A 2u> Ka a ,  +  7  %  u) flo) ao m 1 4  m i
+ (1 2  K(d a  -  36 a  u) ) a  '  o? Au m m 1 m
15 2D i v i d i n g  b o th  s i d e s  by - —— yj
o m
3 2  Acju 2 , 96 32. . 24 Ar
a l  -  5 " ^ a i  +  (T 1 ^  ~ 5 1 +  1 1
8 M . I 2 % 2^ ,  _ 0 , 6v
+  5 ff 5 2 "  0 (3 36)
Kq1
E q u a t i o n  ( 3 - 3 6 )  ca n  b e  w r i t t e n  i n  t h e  form
3 2 &  2 9 6 « »  -
a i  ‘  5 »  a i  , . 2  a l
n
o/  a 24/\cu (cu - 9jd ^)
+  ~  —  +  ----------- D— ------- —  *= 0 ( 3 - 3 7 )
5 K - - 215 u>n or
C a l c u l a t i o n  o f  Fundamental  Component.
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E q u a t i o n  ( 3 - 3 6 )  can be s o l v e d  f o r  a ^ ,  t h e  a m p l i t u d e  o f  fu n d am e n ta l  
p r o v i d e d  v a l u e s  o f  s y s t e m  p a r a m e t e r s , m o d u l a t i n g  f r e q u e n c y  and  d e v i a t i o n  
a r e  known. F r e q u e n c y  r e s p o n s e  can be  d e t e r m i n e d  by p l o t t i n g  t h e  a m p l i t u d e  
o f  f u n d a m e n ta l  a s  a  f u n c t i o n  o f  m o d u l a t i n g  f r e q u e n c y .
C a l c u l a t i o n  o f  T h i r d  Harmonic
T h e  T h i r d  h a rm o n ic  can be d e t e r m i n e d  by s o l v i n g  f o r  a ^ ,  
From e q u a t i o n  (3-33)
= 3 1 Ayj S in  Yo '  a l 2
S u b s t i t u t i n g  t h e  v a l u e  o f  S in  and d i v i d i n g  b o t h  s i d e s  by fv ■
2
.  2 _ 1 ! l _
3 9 -a 1 9
a3
• A c ju  A nI t  i s  s e e n  t h a t  f o r  a„  t o  be r e a l  —  > a . . S u b s t i t u t i n g  = a .3 0/ l  a  L
i n  e q u a t i o n  (3-37)  g i v e s  t h e  minimum v a l u e  o f  ^  f o r  t h e  t h i r d  ha rm on ic
or
t o  e x i s t .
' 2 
(Aoi) 2  = 8 .  a  ^rn _ 8  a. (3
o- m m  u)n K
Campbe l l  o b s e r v e d  a h i g h  t h i r d  ha rm on ic  c o n t e n t  u n d e r  t h e  f o l l o w i n g  
[ 3 ]c o n d i t i o n s  :
—  = 0 . 5 ,
wn
3
m = 6 .2 8  x 10  r a d i a n s / s e c o n dn




^  = 6 
a
Under  t h e s e  c o n d i t i o n s  t h e  minimum v a l u e  f o r  ^  a s  g i v e n  by e q u a t i o n
a
( 3 - 3 9 )  i s  6 which  a g r e e s  w i t h  e x p e r i m e n t a l  o b s e r v a t i o n .
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CHAPTER IV
1 / 3  SUBHARMONIC OSCILLATIONS
When l i n e a r  sy s te m s  a r e  e x c i t e d ,  t h e  o u t p u t  c o n s i s t s  o f  f r e e  o s c i l ­
l a t i o n s  and  f o r c e d  o s c i l l a t i o n s .  F r e e  o s c i l l a t i o n s  a r e  t r a n s i e n t  and  
d i e  o u t  a f t e r  sometime w h e re as  f o r c e d  o s c i l l a t i o n s  s u s t a i n .  I n  n o n l i n e a r  
sy s te m s  t h i s  i s  n o t  a lw a ys  t h e  c a s e .  The f r e q u e n c y  o f  s y s t e m  r e s p o n s e  
depends  n o t  o n l y  on t h e  f r e q u e n c y  o f  a p p l i e d  f o r c e  bu t  a l s o  upon t h e  a m p l i ­
t u d e  o f  t h e  i n p u t  and t h e  i n i t i a l  c o n d i t i o n s .
Subharmonic  o s c i l l a t i o n s  can o c c u r  i n  which  t h e  s m a l l e s t  p e r i o d  o f  
o s c i l l a t i o n s  may be an i n t e g r a l  m u l t i p l e  o f  t h e  p e r i o d  o f  t h e  a p p l i e d  f o r c e .  
The p r e s e n c e  or  a b s e n c e  o f  p a r t i c u l a r  subha rm on ic  depends  upon t h e  n a t u r e  
o f  n o n l i n e a r i t y  a l s o .
I n  our  e q u a t i o n  r e s t o r i n g  t e r m  i s  n o n l i n e a r .  I n  g e n e r a l  t h e  r e s t o r i n g  
n o n l i n e a r i t y  can  be
1 3
f ( $ )  = c § +  c § + c $ + .............
1 - 2 2 3
where    a r e  c o n s t a n t s .
When n o n l i n e a r i t y  i s  g i v e n  by
f ( § )  = + c 3$3
i n  such  a s y s t e m ,  su b h a rm o n ic s  o f  o r d e r  ~ ,  “  c a n n o t  o c c u r  . I n
g e n e r a l  i t  can be s a i d  t h a t  o s c i l l a t i o n s  o f  o r d e r  1 / n  may o c c u r  i f  t e r m
i s  p r e s e n t  i n  n o n l i n e a r i t y .
I n  t h e  e q u a t i o n  o f  e r r o r  s i g n a l  t h e  r e s t o r i n g  n o n l i n e a r i t y  i s  S in  $ .  By
a p p r o x i m a t i o n  t h i s  becomes $ - “ . T h e re  i s  t h e  p o s s i b i l i t y  o f  1 / 3  s u b -
6
h a rm o n i c .  I t  may e x i s t  u nde r  p a r t i c u l a r  c o n d i t i o n s .
4 . 1  S o l u t i o n  o f  1/3-  Subha rm onics
The e q u a t i o n  o f  e r r o r  s i g n a l  i s
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S u b s t i t u t i n g  t h e  above  v a l u e s  in  e q u a t i o n  ( 4 -1 )
^ 4  + + k m  -  a  * 39 .6 S 2 3 dT 6
— Aqj * q[ Cos 3t - A(t) • S i n  3t ( 4 - 3 )
D i v i d i n g  b o t h  s i d e s  by
com
d i  , I t  ^  i  n k  * 3 ^ - 3— 5- +  —  ~  + 9 2 * “ ^  2 $'  0) dT u>_ 2 todT m m m
9Am •of Cos 3T _ M i l S i n  3r
uo U).m m
( 4 - 4 )
Assuming p e r i o d i c  s o l u t i o n  f o r  e q u a t i o n  ( 4 - 4 )
§ = 2 + x S i m  + y Cos T + w Cos 3T ( 4 - 5 )
i n  w h ich  z i s  a c o n s t a n t  t e r m ,  xSinT + y Cos T i s  subha rm on ic  component  
and W Cos 3T i s  d r i v i n g  f r e q u e n c y  component .
From M a n d e l s t a m  and P a p a l e x i ,  t h e  a m p l i t u d e  W o f  t h e  d r i v i n g  f r e q u e n c y  
component  can be  a p p r o x i m a t e d  by
y  _    x  a m p l i t u d e  o f  f o r c i n g  f u n c t i o n
1-3
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N o n l i n e a r i t y  b e i n g  s y m m e t r i c a l ,  t h e  c o n s t a n t  t e r m  z i n  t h e  s o l u t i o n  can
m i
be d ro p p e d .
T h e r e f o r e ,  t h e  s o l u t i o n  i s
$ = xSinT + y Cos T +  W Cos 3 T ( 4 - 7 )
$ ’ = -  xCosT - y S i n  t - 3W S in  3T ( 4 - 8 )
$" = - xSinT - y Cos T - 9w Cos 3^ ( 4 - 9 )
s .
S u b s t i t u t i n g  t h e  v a l u e s  o f  § , $ * , §  i n  e q u a t i o n  ( 4 - 4 )
( -xSinT - y Cos T - 9w Cos 3t ) + “  (x  Cos T - y  S i n  T
%
9j(q.
-3w S in  3t ) +  — j  (xSinT +  y Cos T + w Cos 3t )
%
-  |  ^ 2  (xSinT +  Y  Cos T +  w Cos 3 r ) 3
^m
— Cos  3T -  S in  3t ( 4 - 1 0 )
m
C o e f f i c i e n t s  o f  S in  T and Cos t i n  t h e  e x p a n s io n  o f  c u b ic  term  in  
e q u a t io n  ( 4 - 1 0 )  a r e
3 3 2 2 3 3 2
[ -  ( x  -  3xy ) +  3xy - -  Xyw +  -  xw ]  S in  t
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, r 3 / 3 2 2 3 2 ■ 3 -_.2 +  3 2n
+ [ 4  (y ~ 3 x y )  +  3x  y + 4  ^  " 4  t  ~ y w  ] Cos T
E q u a t i n g  C o e f f i c i e n t s  o f  S in  T e q u a l  t o  z e r o  i n  e q u a t i o n  ( 4 - 1 0 )
&  9Kcr 3 ^ , ,  3 „ 2. 3 , -  2
x “ cu y + —7 x ‘ 2 2 ^ ( x “ 3 x y ) I  Xy
m
i  xyw + ^  xw2 } = 0
R e a r r a n g i n g  e q u a t i o n  ( 4 - 1 2 )
[ - 1  + 9Kry2
9
8
Ya (x^ + y 2)
(1)m
















3 Ya_  
2 2 
wm
{ ( y '
2 3- 3x y ) -  + - 2 3x y
3 2 3 2-,-  wx + -  yw } =
R e a r r a n g i n g  e q u a t i o n  ( 4 -1 4 )
3ry . r , . 9Kcr 9 Ya , 2 , 2, ■ 9 R* 2-,
^ * + y [ - 1 + ^ - I  2 ^  + y >  - J  — » ]
9 Ry f 2 2
8 2 w (y " x )
(4 -1 1 )
( 4 - 1 2 )
( 4 -1 3 )
( 4 - 1 4 )
( 4 - 1 5 )
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D e f i n i n g  A = ^  - 1 - |  ^  ( x 2 +  y 2) - |  w2 ( 4 -1 6 )
8 2 '  '  4 2
%  “ in
E q u a t i o n s  ( 4 - 1 3 )  and  ( 4 - 1 5 )  can be r e w r i t t e n  as
Ax - ^  y - - ~  wxy (4 -1 7 )
“ .n 4 «, 2m
3cc , . .9 Key s / 2 2,—  ” + Ay = (g — ~ w) (y  - x  )
m
(U ( 4 -1 8 )
S q u a r i n g  ( 4 -1 7 )  and ( 4 - 1 8 ) ,  and  a d d in g
(A2 + ^
(JOm
\  ( . 2  . 2. . ,9  fo  ttv2 , 2 , 2 , 2•) ( x + y ) = ( -  — ^ w) ( x + y )
“ m
( 4 -1 9 )
o r  A2 +  ^  = ( |  ^ w ) 2 ( x 2 +  y 2) ( 4 -2 0 )
2 2 2S u b s t i t u t i n g  v a l u e  o f  A from ( 4 - 1 6 )  and p u t t i n g  x +  y = R i n  
e q u a t i o n  ( 4 -2 0 )
. 9Kcy 9 Ry 2 9 J f o  2 2 9ty2
( 2 " 8 ~~2 ~ 4 2 W > + ~
CO (JO (JO COm m m  m
= ( f  ^ ) 2 w2 R2 ( 4 - 2 1 )
“ m
x „ 2  2
D i v i d i n g  b o t h  s i d e s  o f  e q u a t i o n  (4*21)  by 81K rv4
2 0 2 i 9 2
UNIVERSITY OF WINDSOR LIBRARY
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2 2 
cu 2 2 oj





( 4 - 2 2 )







S u b s t i t u t i n g  t h e  above  v a l u e s  i n  e q u a t i o n  ( 4 -2 2 )
( 4 -2 3 )
/ i i  S. T . 2 ST
( 1 . " 8 4 + 2 64 ( 4 - 2 4 )
or
( 8 - 8k - S - 2T) +- 64 k 2 ST ( 4 - 2 5 )
Expand ing  t h e  above  e q u a t i o n
2 2
S + 4T + 3ST - 16 (1 - k , ) S - 32 (1 - k , )T
+  64 { ( 1  - k L ) 2 + k 2} ( 4 - 2 6 )
The d i s c r i m i n a n t  f o r  e q u a t i o n  ( 4 - 2 6 )  i s  n e g a t i v e .  T h e r e f o r e ,  i t  i s  
an e q u a t i o n  o f  e l l i p s e -  To f a c i l i t a t e  t h e  p l o t t i n g  o f  t h e  above  e q u a t i o n ,  
i t  w i l l  be  b r o u g h t  i n t o  s t a n d a r d  fo rm o f  e l l i p s e  i . e .
( s  - hY 
2 + = 1 ( 4 -2 7 )
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by r o t a t i o n  o f  t h e  c o o r d i n a t e  a x e s .
R o t a t i n g  t h e  c o o r d i n a t e  a x e s  by an a n g l e  Q w i l l  e l i m i n a t e  t h e  p r o d u c t  
t e r m  ST. The a n g l e  i s  g i v e n  by
2 t a no r  T ~  = -1 (4
1 - t a n  0
C r o s s m u l t i p l y i n g  and t r a n s p o s i n g ,
2
t a n  0 - 2 t a n  0 - 1  = 0 (4
. s o l u t i o n  o f  q u a d r a t i c  e q u a t i o n  ( 4 - 3 0 )  g i v e s
t a n  0  = 1 +  J l  , 1 - J 2
T a k i n g  p o s i t i v e  v a l u e  o f  t a n  9 , we have
S in  8
Cos 0 = l + y r  (4
1 + J l
or  S i n  0  = ' '
1 +  J l
y * + v 2
(4
Cos 0 = ~  (4
h  +  V ?
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Em ploying  t h e  t r a n s f o r m a t i o n
S = S '  Cos 0 - T '  S in  0
} (4 -3 4 )
T = S '  S in  0 +  T 1 Cos 0
we have
s  = S'  -  ( 1  +  7 2 ) T'
/ 4 + 2 / 2
( 3 - 3 5 )
_■ (1 +  V/2 ) S I. -f T '
7 4 +  z j i
S u b s t i t u t i n g  t h e  v a l u e  o f  S and  T from e q u a t i o n  ( 4 -3 5 )  i n t o  e q u a t i o n  ( 4 - 2 6 )
. S '  - (1 + 75) T ' . 2 . (1 + 75) S'  + T 11 2
1 ,   } +  4{ ,----------  i74 + V2 • T4 + V2
S'  - (1 + '1/ 2 ) T ' (1 +  75)S' + T '+  3 —  • " ■■■ •* *' ‘ ■ .......
74 + V2 f t + z / z
16 (1 -  k , )  S' -  .  32(1 .  k  J
1 7 4 7 1 7 ?  1 7 4  +
+ 64{ (1  - k x ) 2 +  k 2} = 0 (4 -3 6 )
E xpand ing  and  r e a r r a n g i n g  e q u a t i o n  ( 4 - 3 6 )
16 + ll/I ,2  4 - 7 1  ,2  _ 16(3 +'^ )(1 ~ V ,
4 + 2 / 2 *  4  +  V 1  2 /2
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16C/2  -  1 ) ( 1  -k  )
+  ----------------------------  T '  + 64{(1  - k  ) + k } = 0
- A +  V 2
2 2R e w r i t i n g  e q u a t i o n  ( 4 - 3 7 )  i n  ( S '  - k)  and (T - k )  fo rm,
i6 + i iT i [s, . 8(3 + (i - v ];,
4 + 3 / 2  1 6 + H / 2'
4 - 7 1  BjjS - _ l ) . /4 „ +  j / j  . ,2
4 + 2 / 2  i T +  4  - J 2 ( 1  k l ) -t
[ 1 6 ( 3  + 2 / 2 ) ( 1  - k ) } 2 
+ 64{ ( 1  - k L) +  k 2 } ---------- — -. ---..I—
{ 1 6 ( y 2  - 1 ) ( 1  - k  ) } 2
-     k —  =  0
4 ( 4  - 7 2 )
S i m p l i f y i n g  e q u a t i o n  ( 4 - 3 8 )
[ S '  - 3 .8 3  (1 - k L ) } 2 {T '  +  3 .3 3  (1 - k ^ } 2
f ■ *—• -f* - - • 1 1 "™"—
0-216  [ 9 . 2 5 ( 1  - k ^ ) 2 - 64 k ^  2 . 6 4 { 9 . 2 5 ( 1  - k ^ 2 - 64 k 2
E q u a t i o n  ( 4 -3 9 )  can  be  w r i t t e n  a s
<S - h i 2 ( f  - I Q 2 _
2 h 2 "a b
where
h = 3 .8 3  (1 - k i )
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( 4 - 3 7 )
( 4 - 3 8 )
= 1
}
. . . ( 4 - 3 9 )




3 - 8 3  (1  “ 9Ka ) ( 4 - 4 1 )
k = - 3 . 3 3  (1 - k  )
2
w
= - 3 . 3 3  (1 - g ^ - )  ( 4 - 4 2 )
a =
2 2 
/  U) o 0)
/ o . 2 1 6 ( 9 . 2 5 ( 1  - r ® - )  - 64
^  9K
( 4 - 4 3 )
b =
2 ,
“ m . 2  “ m2
1 2 .6 4 ( 9 . 2 5 ( 1  - ^ )  - 6 4 ~ 2 }
yis.
E q u a t i o n  ( 4 - 2 6 )  g i v e s  t h e  r e l a t i o n s h i p  be tw een  S i . e .  s q u a r e  o f  t h e  
su b ha rm on ic  a m p l i t u d e  and  T i . e .  s q u a r e  o f  t h e  a m p l i t u d e  o f  d r i v i n g  f r e q u e n c y  
component .  G i v i n g  v a l u e s  t o  T,  t h e  c o r r e s p o n d i n g  v a l u e s  o f  S can be 
d e t e r m i n e d .
6
T can  be found  o u t  f rom M a nde l s ta m  and  P a p a l e x i  a p p r o x i m a t i o n  g i v e n  by 
e q u a t i o n s  ( 4 - 6 )  and  ( 4 - 2 3 ) ,  which  i s
T = w2
_ 2 2 
-  ( 8 2
%
G i v i n g  d e f i n i t e  v a l u e s  t o  p a r a m e t e r s  o f  s y s t e m ,  T can  b e  d e t e r m i n e d  
which  i s  f u r t h e r  u s e d  t o  d e t e r m i n e  t h e  subha rm on ic  a m p l i t u d e  f rom  t h e  e l ­
l i p t i c a l  c u r v e s .  X' and  S '  a r e  t h e  t r a n s f o r m e d  c o - o r d i n a t e s  and  ( h ,  k)  i s
t h e  c e n t r e  o f  e l l i p s e s .
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4 . 2  S t a b i l i t y  Check on 1 / 3  Subharmonic  S o l u t i o n
I n  l i n e a r  s y s t e m  a s i n g l e  e q u i l i b r i u m  c o n d i t i o n  e x i s t s .  I n  n o n l i n e a r  
s y s t e m  more t h a n  a s i n g l e  e q u i l i b r i u m  c o n d i t i o n  may a p p e a r .  The s t a b i l i t y
an  e q u i l i b r i u m  c o n d i t o n .  I f  t h e  o s c i l l a t i o n s  d i e  o u t ,  t h e  e q u i l i b r i u m  c o n ­
d i t i o n  i s  s t a b l e  and on t h e  o t h e r  hand  i f  d i s t u r b a n c e  l e a d s  t o  l a r g e r  and  
l a rg e : r  d e p a r t u r e  t h e  e q u i l i b r i u m  c o n d i t i o n  i s  u n s t a b l e .  A s t a b l e  e q u i l i b r i u m  
c o n d i t i o n  e x i s t s  a c t u a l l y  w hereas  an  u n s t a b l e  c o n d i t i o n  i s  n o t  m a i n t a i n e d .
The p e r i o d i c  s t a t e s  o f  e q u i l i b r i u m  d e t e r m i n e d  by e q u a t i o n  a r e  n o t  
a lw ays  r e a l i z e d ,  b u t  a r e  a b l e  t o  e x i s t  o n l y  s o  lo n g  a s  t h e y  a r e  s t a b l e .
Now t o  check  t h e  s t a b i l i t y ;  a s m a l l  v a r i a t i o n  |  w i l l  be  g i v e n  t o  t h e  
e q u i l i b r i u m  s t a t e .
R e w r i t i n g  t h e  n o r m a l i z e d  e q u a t i o n  o f  t h e  s y s te m
i s  c o n c e r n e d  w i t h  what  w i l l  happen  i f  a  s y s t e m  i s  d i s t u r b e d  s l i g h t l y  n e a r
2
d |  3a d$ 2  6 3
= 9 Cos 3T - 9 - ^ 2  S in  3T ( 4 -4 4 )
The assumed  p e r i o d i c  s o l u t i o n  i s
o x  S i n  T + y Cos T + w Cos 3t
Cos T ) +  w Cos 3t
R Co s (t - 0 )  +  w Cos 3T
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where R = /x  + yV '
- 1  x0 = t an -
y
a c a n  b e  w r i t t e n  as  Yo
$ o z
,  R [(JK t -  0 )  +  ; J ( t -  0 ) ]  +  £  ( e j 3 r  +  j j 3 T)
CV
C o n sid e r in g  Ism ail v a r ia t io n   ^ from th e  e q u ilib r iu m  s t a t e ,  we have
S' = + § (4 -4 5 )
S u b s t i t u t i n g  ( 4 -4 5 )  i n  e q u a t i o n  ( 4 -44 )
T 2  < * „ + + f  I t <•„ + 5’ + ^  + «>dT m Mi
3 Krv 3 A(JU*q' 9 a„,- — — y  ($ +  f )  = 9   y  Cos 3 t  - — 9 S i n  ( 4 -4 6 )
2 ^m °  ^m V
E xpand ing  t h e  n o n l i n e a r  t e r m
3 Ka , N3 3 Kbr 3 . 3 . „ 2 . „ 2 ,
2 ~ 2 ( o $  = 2 ~ 2  ( $o + ? +  +  3?o $
N e g l e c t i n g  h i g h e r  o r d e r  t e r m s  o f  t h e  n o n l i n e a r  t e r m  c o n t r i b u t e s
£ K c L f  2
2 2 o =
(4 -4 7 )
T a k i n g  v a r i a t i o n a l  components  f rom e q u a t i o n  ( 4 -46 )  and ( 4 -4 7 )
? _ 2
7 2  5 7 + 2 (1  •  ~ r>  ? = 0 (4_48)
dT u>„m
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Em ploying  t h e  t r a n s f o r m a t i o n
_ 3cr
2(jd T
e m Tj (4 -4 9 )
t o  e l i m i n a t e  f i r s t  d e r i v a t i v e
_  3cy _  3a
d £  = j ^ a  2%i ^ m  T d5
dT 2^  6 H e ^  (4_50)
_ 3ql_ _
d 2§ .3^ . 2  ^ m  T 3a 2cum T d1"1
“ 2 = < aT>  e n '  e 5 7dT m - m 1
_ t o  ' K T a l  + " ^ T ^
* dT 2 d r 2 ( 4 -5 1 )
S u b s t i t u t i n g  ( 4 - 4 9 ) ,  ( 4 -5 0 )  and ( 4 -5 1 )  i n  e q u a t i o n  ( 4 - 4 8 ) ,  and
c a n c e l l i n g  - 3ac
o  T  
2%e
3q v2 3o_  d ^  3 a _  dj\ d ^
2^  H '  2u) dT " 2m dT 2wm m m d j
3a dH _ 3a 3ry
U).m
d T O) 2wm m
+ 9Ka (1 -) n
COm
( 4 -5 2 )
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R e w r i t i n g
d fn  + . 1 J i  . £  &L. .J 2
2 L  2 4  «, 2 2 2 o i  M
dT ® m com
S u b s t i t u t i n g  t h e  e x p r e s s i o n  f o r  $q i n  e q u a t i o n  (4 -53)
ah , „  o'2 m r r  , r  ~ ^ T ‘  ^  , w ^3t
2 + [ K« " 4 ~ 2 ^ 2 e 2 ' 2a 1
+ T e +  r  e
w ^ 2
Expand ing  t h e  s q u a r e  t e r m ,
e ?  e j 2 (T  ' 0 )  +  i l  e ' J2 (T  ■ e )  +  h !  c j e T +  . - J *
4 4 4 4
E l + M  J ( * T " 0) +  Rw e ~j (2t  + 0 )  
2 2 2
Rw + 0) , Rw - J ( 4 t  " e ) .
+ 2 6 + 2 6 + 2
E q u a t i o n  ( 4 -5 4 )  becomes
d in  . _9_  e i  ' Ka r R + w2 l i  j 2 ( T - 0)
, 2 + 2 ^  “ 4  " 2 f 2 +  4 6
dT “ m
+  b!  e - J 2 Ct -  0> + m  e-J(2T + e) + M e - j ( 2T + e) + , . . . }1n
(4 -5 3 )
(4 -5 4 )
0
( 4 -5 5 )
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
35
H 2  + C - 4  '  + 4  Cos 2(t • e>
dT CU„“m
+ Rw Cos (2t + 0 ) ] ] ^  = 0
^  Cos 2<T - 0)
dT “ m ^ m
+ Rw Cos (2t + ©) ? 3t| = 0 
C o l l e c t i n g  t o g e t h e r  t h e  t e r m s  i n  Cos 2t and S in  2t
d _ n  + r  _ i _  ,  _ a !  _ . R _ _ ± ^ !  N _ 2 f £  _Ka
, 2 £ 2 4 2 2 } 2U  u) 2
dT %
2 2 
~  Cos 20 +  Rw Cos 0)Cos 2t + |  ^  (—  S i n  2^ -  Rw S in  e )
(nm
Sin  2T = 0
Comparing  w i t h  H i l l ' s  e q u a t i o n
^  + [ 0 O + 2 0 X Cos (2 t  - e i )]T] = 0
2 2 2 
n _ _ 2 _ rlCv a l  Kg. R + v  1
0o "  2 ^  4 2 2 j
m
2
A~ Cos 29 + Rw Cos 0 )?l c  4 2 2
UJn  TU
2
!l s  = " 4 ^ 2   ^ ^2  S i n  2f) '  Rw S in
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( 4 - 5 6 )
( 4 -5 7 )
( 4 -5 8 )
( 4 -5 9 )
( 4 -6 0 )
( 4 -6 1 )
( 4 -6 2 )
J O
The s t a b i l i t y  c o n d i t i o n  f o r  H i l l ' s  e q u a t i o n  (4 -5 9 )  i s
(0q -  l ) 2 + 2 ( 0 o + 1 ) 6 2 + 64  >  Q i ( 4 - 6 3 )
3 a
6 i s  g i v e n  b y  — —  , h a l f  t h e  c o e f f i c i e n t  o f  f i r s t  d e r i v a t i v e  i n  
m
- n o rm a l i z e d  e q u a t i o n  ( 4 -44 )
2 2 , 2  
6 1  6 1  C  6 1  £
2
= (“ |  D^L2>1 Cos 2@ + Rw Cos 0 ) '
Cl).TU
+ (^r- S i n  20 -  12w S i n  6 ) 2}
( f  ^ j j ) 2 [ \  +  R2w2 +  R3w Cos 30] ( 4 -6 4 )
Cl)m
From e q u a t i o n  ( 4 - 6 3 ) ,
0 O2 +  20q ( 62 -  1) + 1 + 2 62 +  54  >  0 X2 ( 4 -6 5 )
S u b s t i t u t i n g  t h e  v a l u e s  o f  0 q , 0 ^ ,  and 5,
r_ 9 _  _ Ex . R2 + w2 ]2
to, 2 (K^  4 2 2m
ci) 2 (i)m
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
37
1 + ! 8116 QL
0) CJD,m m
2 28JL K g
16 4 & r  + R2w2 + R3w Cos 3q) (4-66)
(JO,m
T a k i n g  maximum v a l u e  o f  Cos 30 w h i c h  g i v e s  s u f f i c i e n t  c o n d i t i o n  f o r  
s t a b i l i t y ,
Hr " ° 4 " ^
<%
+ ~ 9 CFbr -  - i 2
(JO,m






-  1) ‘ +
00,m
cy > 8116


















(—^  +  R'w*’ + R^w) (4-68)
m
[ 9 ^  (1  -  ^7
w (JO
m ) } 2 +9Kh
9ql
00,m (J0,m
2 2 481 KV  ,R , . 2  2
> 16 (T  + R u
(10m
+ R3w) (4-69)
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2 2 '81 K aC a n c e l l i n g   ------------  from  b o t h  s i d e s  and e x p a n d in g  t h e  s q u a r e  t e r m ,
wm
+ E* . YL. + r £  w i 2 R2w2
16 16 01 J  2 2 ‘ 2 '  9 Ka 8O i. Jx
2 2 2 
. “m „2 , “ m 2 . “m 1 , 1  , . !  1 , J  ,
+ 1 8 ^ R + T 8 5 ” + ^ > l 6 (T + *  “  + *  »> (4 -7 1 )
2
3 i 1 r-3 , R2w2 , 2 , ^m 1 .
64 R +  I 6 " 1 6  R w  + l L6_ + R ( l 8 ^ " 2 )
u) 2 2 U) 2 4
2 , m 1N , - 2 “ m m “ m _ .
+ -  < « *  - 5> + 1 - ? % - + ^ + ^ T 2  > *
The above i n e q u a l i t y  g i v e s  t h e  s t a b i l i t y  r e g i o n .
Under  t h e  f o l l o w i n g  c o n d i t i o n s  Campbel l [ 3 ] o b s e r v e d  t h a t  t h e  s y s t e m  i s
s t a b l e
O
4co = 9 4 .1  x 10 r a d . / s e c .
K = 6 .2 8  x  10"* r a d . / s e c .
3
a  = 6 . 2 8  x 10  r a d . / s e c .
4,,, = 12 .5 6  x 10 r a d . / s e c .
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By s u b s t i t u t i n g  t h e s e  v a l u e s  i n  e q u a t i o n  (4 -2 2 )  one o b t a i n s  R =
0 . 8 1 6 .  When t h i s  v a l u e  o f  R i s  s u b s t i t u t e d  i n  e q u a t i o n  ( 4 -6 2 )  , t h e  s t a b i l i t y  
i n e q u a l i t y  i s  s a t i s f i e d .
T a k i n g  a  p o i n t  i n  t h e  m id d l e  o f  r e g i o n  mapped by C a m p b e l l ,  e . g .
3
Auj = 1 2 0 .6  x  10  r a d . / s e c .
K = 6 . 3  x  10** r a d . / s e c .
3
a  = 6 . 3  x  10 r a d . / s e c .
3
= 144 x  10 r a d .  / s e c .m
I t  i s  s i m i l a r l y  found  t h a t  1 /3  s u b ha rm on ic  can  e x i s t .




The e q u a t i o n  f o r  p h a s e  e r r o r  o f  a  p h a s e  l o c k  l o o p  f o r  a  FM s i g n a l  i s
d e r i v e d .  The e q u a t i o n  i s  n o n l i n e a r  b e c a u s e  o f  t h e  r e s t o r i n g  t e r m .  I t  i s
$3
r e d u c e d  t o  P u f f i n g ' s  e q u a t i o n  by  t h e  a p p r o x i m a t i o n  S i n  $ = $ -  -g— . I t  i s
s o l v e d  f o r  f u n d a m e n ta l  and  t h i r d  s u p e rh a r m o n i c  by t h e  d e s c r i b i n g  f u n c t i o n
m ethod.  The c o n d i t i o n  f o r  minimum v a l u e  o f  —-  i s  e s t a b l i s h e d  f o r  t h ea
t h i r d  s u p e r h a r m o n i c  w h ich  a g r e e s  w i t h  t h e  a p p r o x i m a t e  v a l u e s  f o u n d  by 
Campbe l l .
The subha rm on ic  s o l u t i o n  i s  a l s o  s t u d i e d .  A r e l a t i o n  i s  d e r i v e d  w h ich  
g i v e s  t h e  s q u a r e  o f  t h e  subha rm on ic  a m p l i t u d e  a s  a  f u n c t i o n  o f  t h e  s q u a r e  
o f  t h e  a m p l i t u d e  o f  t h e  f o r c i n g  t e r m .  The c o n d i t i o n  f o r  s t a b i l i t y  o f  t h e  
p e r i o d i c  s o l u t i o n  o f  f r e q u e n c y  Um/3 i s  o b t a i n e d  by  d e t e r m i n i n g  w h e t h e r  any  
v a r i a t i o n  f rom t h i s  s t a t e ,  c a u s e d  by  a  s m a l l  c h a n g e ,  a t t e n u a t e s  o r  n o t  a s  
t i m e  i n c r e a s e s .  I f  t h e  sy s te m  i s  s t a b l e  t h e  p e r t u r b a t i o n  w i l l  d i e  o u t .
Thus t h e  e q u a t i o n  i s  r e d u c e d  t o  H i l l ' s  fo rm  and  h i s  s t a b i l i t y  c r i t e r i o n  i s  
a p p l i e d .  The i n e q u a l i t y  t h u s  d e r i v e d  g i v e s  t h e  s t a b i l i t y  r e g i o n  w h ic h  
s a t i s f i e s  C a m p b e l l ' s  o b s e r v a t i o n  o f  t h e  ha rm on ic  maps.
\ 0
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